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Using the numerical renormalization group (NRG), we analyze the temperature dependence of the spectral
function of a magnetic impurity described by the single-impurity Anderson model coupled to superconducting
contacts. With increasing temperature the spectral weight is gradually transferred from the δ-peak (Shiba/Yu-
Shiba-Rusinov/Andreev bound state) to the continuous sub-gap background, but both spectral features coexist
at any finite temperature, i.e., the δ-peak itself persists to temperatures of order ∆. The continuous background
is due to inelastic exchange scattering of Bogoliubov quasiparticles off the impurity and it is thermally activated
since it requires a finite thermal population of quasiparticles above the gap. In the singlet regime for strong
hybridization (charge-fluctuation regime) we detect the presence of an additional sub-gap structure just below
the gap edges with thermally activated behavior, but with an activation energy equal to the Shiba state exci-
tation energy. These peaks can be tentatively interpreted as Shiba bound states arising from the scattering of
quasiparticles off the thermally excited sub-gap doublet Shiba states, i.e., as high-order Shiba states.
PACS numbers: 72.15.Qm, 75.20.Hr
I. INTRODUCTION
A magnetic impurity in a superconducting host induces lo-
calized bound states inside the spectral gap, known in different
communities as either Shiba, Yu-Shiba-Rusinov, or Andreev
bound states1–9. At zero temperature, Shiba states manifest
as pairs of δ-peak resonances in the impurity spectral func-
tion A(ω) positioned symmetrically at positive and negative
frequency corresponding to the transitions from the many-
particle ground state to the same many-particle excited state
by either adding a probing electron to the system (ω > 0) or
removing it (ω < 0). The intrinsic temperature dependence
of the spectral function depends on the impurity dynamics.
When the impurity behaves as a classical object, i.e., a local
magnetic field which is perfectly static on the time-scale of
the experiment (“adiabatic limit” with no dynamics of the in-
ternal degrees of freedom of the impurity), the correspond-
ing classical impurity model is a quadratic non-interacting
Hamiltonian, hence the spectral function is not temperature
dependent at all. This problem can be discussed in terms of
single-particle levels and their occupancy. When the impu-
rity behaves, however, as a quantum object, i.e., a fluctuating
local moment as described by the Kondo or Anderson quan-
tum impurity models, there will be non-trivial intrinsic tem-
perature dependence due to electron-electron interactions (in-
elastic exchange scattering of thermally excited Bogoliubov
quasiparticles off the impurity spin). This problem is better
addressed from the perspective of many-particle eigenstates.
Since the eigenvalue spectrum of the Hamiltonian operator
includes both discrete Shiba states below the gap and a con-
tinuum part above the gap, it is expected that there will be
both δ-peaks and a continuous background coexisting inside
the gap at any finite temperature, providing a further realisa-
tion of the “bound state in the continuum” paradigm.
The temperature dependence of the Andreev spectra was
studied experimentally in carbon nanotube quantum dots10.
Strong temperature effects found in the measured differen-
tial conductance could be accounted for reasonably well us-
ing the tunneling formalism, however the intrinsic tempera-
ture dependence of the impurity spectral function was not dis-
cussed. Another experimental realization of impurity models
are magnetic adatoms on superconducting surfaces. In Ref. 11
the measured differential conductance was discussed in terms
of a phenomenological impurity model based on a classical
impurity. There is, however, a lack of theoretical works on the
temperature dependence of spectra of quantum impurity mod-
els to provide an alternative framework from the interpretation
of measured spectra.
In this work we study the sub-gap spectral features in the
single-impurity Anderson model with a superconducting bath
described by the s-wave BCS mean-field Hamiltonian. Af-
ter introducing the model and methods in Sec. II, we first
consider the model by fixing the gap parameter ∆ to its
zero-temperature value and increasing the temperature T in
Sec. III. This simplified calculation uncovers how the spectral
weight is transferred from the Shiba δ-peak to the continuum.
In this section we also study the hybridization dependence and
the differences between the singlet (screened impurity) and
doublet (unscreened impurity) regimes. In Sec. IV we per-
form a full calculation with the temperature dependent gap of
a BCS superconductor; in this case the Shiba peak broadening
is accompanied by peak shifts. We conclude with a discussion
of the experimental relevance of the results.
II. MODEL AND METHOD
We consider the Hamiltonian H = HBCS +Himp +Hc:
HBCS =
∑
kσ
kc
†
kσckσ −∆
∑
k
(
c†k↑c
†
k↓ + H.c.
)
,
Himp = d
∑
σ
nσ + Un↑n↓,
Hc =
∑
kσ
Vk
(
c†kσdσ + H.c.
)
.
(1)
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Figure 1. (Color online) Schematic diagram of the many-particle
eigenstates of the Hamiltonian, partitioned into the even and odd
fermion-parity sectors (i.e., parity of the total electron number). This
diagram corresponds to the case where the ground state has odd par-
ity (spin-doublet). Do and De are the odd-parity (spin-doublet) |D〉
and the even-parity (spin-singlet) |S〉 discrete eigenstates. The even-
parity continuum Ce starts at energy ∆ above the odd-parity discrete
state Do, since the bottom-most states of the continuum are com-
posed of one additional quasiparticle added to Do, thus changing the
overall fermion parity. The odd-parity continuum Co starts at energy
∆ above the even-parity discrete state De, for similar reasons. Note
that the multiple-quasiparticle states have energies at least 2∆ above
Do. Label A indicates a sharp transition (contributing a δ-peak to
the impurity spectrum), label B diffuse transitions (contributing a
continuous background to the spectrum).
Here ckσ and dσ are the band and impurity electron annihi-
lation operators, k the band dispersion relation, ∆ the BCS
gap parameter, d the impurity level, U the electron-electron
repulsion, nσ = d†σdσ the impurity occupancy operator, and
Vk the hopping integrals. The Hamiltonian does not include
any coupling to electromagnetic noise or phonons.
Assuming a flat band with the density of states ρ in the nor-
mal state, and Vk ≡ V , the impurity coupling is fully char-
acterized by the hybridization strength Γ = piρV 2. In this
work, we focus on the particle-hole (p-h) symmetric case with
d = −U/2. The Kondo exchange coupling at ∆ = 0 is given
by the Schrieffer-Wolff transformation as ρJK = 8Γ/piU and
the Kondo temperature as12
T 0K ∼ U
√
ρJK exp
(
− 1
ρJK
)
. (2)
In the superconducting case with ∆ 6= 0, the ground state
of the system is either a singlet |S〉 or a doublet |D〉 depending
on the value of the ratio ∆/T 0K . All other eigenstates are, in
the first approximation (i.e., neglecting residual interactions
between the quasiparticles), product states of either |S〉 or
|D〉 with additional Bogoliubov quasiparticles from the con-
tinuum. While the total particle number is not a conserved
quantum number for ∆ 6= 0, its parity is. The eigenstates can
thus be classified into odd and even fermion parity sectors, as
illustrated for the case of an odd-parity (spin doublet) ground
state in Fig. 1. A quasiparticle is an object with odd fermion-
parity, thus the even-parity continuum starts at the energy ∆
above the odd-parity ground state, while the odd-parity con-
tinuum starts at the energy +∆ above the ground state, where
 is the Shiba state “energy” (more precisely, the energy dif-
ference
 = |ES − ED| (3)
between the sub-gap many-particle Shiba states).
In this work we are interested mainly in the spectral func-
tions at finite T . The calculations are performed with the
numerical renormalization group (NRG)3,13–20. This method
appears at first perfectly suited for the problem, since it is
an unbiased nonperturbative numerical technique, applicable
both at zero and at finite temperatures, which can handle arbi-
trary bath density of states (including with a superconducting
gap), and provides the spectral function directly on the real
frequency axis. Other methods are either biased, perturbative,
inapplicable to the superconducting case, or require an analyt-
ical continuation from the Matsubara axis to real frequencies;
in particular, this last issue makes the quantum Monte Carlo
(QMC) approach of little use, since it is extremely difficult to
perform an analytical continuation in the presence of a sharp
gap, especially since it is necessary (see below) to resolve a δ-
peak superposed on a continuous background of finite support
inside the gap. Nevertheless, the situation under study in this
work is in some regards perhaps the worst possible case for the
NRG. While the method works very well for problems with
spectral gap at zero temperature, and for non-gapped baths at
any temperature, there are severe difficulties when both ∆ and
T are non-zero. Both the gap and the temperature break the
scale invariance on which the method is based, and they do
so in different ways, thereby generating inevitable systemati-
cal errors. The results for spectral functions presented in this
work should thus be considered as qualitatively correct, while
quantitative errors are estimated (by monitoring how the re-
sults fluctuate when the NRG calculation parameters are var-
ied) to be in the tens of percent range for T ∼ ∆. In spite of
this shortcoming, there is presently no other impurity solver
to meaningfully study the finite-temperature spectral function.
Static properties, such as the expectation values of various op-
erators, can be reliably computed using the QMC21,22. Even
here, there are some small systematic discrepancies between
the QMC and NRG when both ∆ and T are non-zero. Such
comparisons of static properties are very useful to tune the pa-
rameters of the NRG to values where such discrepancies are
minimal. Finally, we note that the finite-temperature problems
in the NRG become severe when U is small, while they seem
to be more manageable in the deep Kondo regime which is of
main interest in this study.
The NRG calculations were performed with the discretiza-
tion parameter Λ = 2, with Nz = 8 interleaved discretiza-
tion grids23,24, using the full-density-matrix algorithm with
the Wilson chain terminated at the energy scale Echain =
∆/5025–27. The “traditional” choice of the discretization pa-
rameter Λ = 2 proved to be near optimal. The results depend
3little on the choice of the discretization method24. The length
of the Wilson chain, however, turned out to be a critical pa-
rameter and had to be tuned.
To obtain a good description of the continuum part of the
sub-gap spectrum at finite temperatures, it furthermore proved
crucial to keep a large number of states in the NRG iteration
even at energy scales below ∆, much more than required for
obtaining well converged thermodynamics and T = 0 spec-
tral functions; we kept at least 2500 multiplets. While com-
putationally demanding, this is critically important for a good
description of the continuum quasiparticle spectrum in both
even- and odd-parity parts of the full Fock space.28
The impurity Green’s function is defined as
G(t) = −iθ(t)Tr{ρ[dσ(t), d†σ(0)]+} , (4)
where the trace is evaluated with the grand-cannonical density
matrix ρ = e−βH (the chemical potential is fixed to µ = 0).
This is an appropriate description only for well equilibrated
ergodic systems. The assumption of ergodicity is non-trivial
and may not be valid in all impurity systems and under all ex-
perimental conditions. Furthermore, the presence of the tun-
neling contacts will drive the system out of equilibrium.
The impurity spectral function,
A(ω) = − 1
pi
ImG˜(ω + iδ), (5)
where G˜ is the Fourier transform ofG, can be expressed using
the Lehmann decomposition as
A(ω) =
1
Z
∑
mn
|〈m|dσ|n〉|2×
× (e−βEm + e−βEn) δ(ω + Em − En), (6)
where m,n index all eigenstates of the Hamiltonian, Em,n
are the corresponding eigenvalues, β = 1/kBT , and the
grand-cannonical partition function is Z = Tr[exp(−βH)] =∑
m exp(−βEm). The actual calculation of A(ω) is per-
formed using the full-density-matrix algorithm27, generaliz-
ing the complete-Fock-space approach25,26. We accumulate
the raw spectral data separately for |ω| < ∆ and |ω| > ∆.
Inside the gap, we use 5000 equidistant bins. Outside the gap,
we use a logarithmic mesh of bins with low-frequency accu-
mulation points at ω = ±∆ and with 1000 bins per frequency
decade. This modification of the standard binning is neces-
sary for obtaining constant spectral resolution inside the gap
and a correct description of the gap edges in the continuum
above the gap29.
The Green’s function probes the single-particle excitations
of the system. It should be emphasized that all contributions
to G correspond to electron-parity-changing transitions (see
Fig. 1). Let us consider the doublet regime, where the im-
purity spin is unscreened and the ground state is the odd-
parity spin-doublet |D〉. At zero temperature, only the ground
state Do is thermally occupied, and the only transition with
∆E < ∆ is that to the discrete excited state De (transition
A indicated by the sharp arrow in Fig. 1). The sub-gap part
of the spectrum is thus fully described by two δ-peaks at po-
sitions ω = ± with equal weight (due to the p-h symmetry)
given by
wδ(T = 0) =
1
2
|〈Do|dσ|De〉|2 . (7)
At finite temperatures there are further transitions with start-
ing and end states separated by less than ∆: they are indicated
by a diffuse arrow B in Fig. 1 and correspond to transitions
from the thermally populated even-parity quasiparticle states
at energies above ∆ (set Ce) to the odd-parity quasiparticle
states at energies above  + ∆ (set Co). Since the states in-
volved form continua, this will generate a continuous spectral
weight contribution to the sub-gap spectrum. The most likely
transitions are those from the bottom of Ce to the bottom of
Co, thus the continuum background is expected to be peaked
at |ω| = , i.e., at the position of the discrete Shiba state which
itself persists at finite temperature at least up to T ∼ ∆. The
evolution with increasing T is thus expected to be as follows:
the weight of the δ-peak decreases, while the weight of a new
broad peak centered at the same position increases. In the
limit of high temperatures, T  ∆, the partition function Z
is large, the discrete contribution A to the spectral function is
negligible and there is only continuum weight (this happens
in the T → Tc limit, where ∆(T ) → 0). In the next sec-
tions, we confirm this intuitive physical picture by numerical
calculations.
III. RESULTS: FIXED ∆
A. Overview and main characteristics
The calculations in this subsection are performed for fixed
model parameters (Γ/U = 0.1 and U/∆ = 20), only the
temperature T is variable. The ground state is a spin doublet,
while the singlet excited state lies at the energy level
 = 0.423∆ (8)
above it. Due to the p-h symmetry the spectral function is
even and we focus on its ω > 0 (particle addition) part. At
zero temperature, the weight of the δ-peak at ω =  is
wδ(T = 0) = 0.0341. (9)
This indicates that the Shiba bound state wavefunction (as far
as it can be defined for an interacting system) has majority
of its weight not on the impurity, but in the host, which is
commonly the case for Shiba states.
At finite temperatures some care is required in post-
processing the raw spectral data as obtained from the NRG
run. The δ-peak is extracted from the spectral function by re-
moving the weight in a narrow interval of width 2 × 10−4∆
around ω = , where  can be independently determined very
accurately from the NRG flow diagrams. The remaining con-
tinuous part of the spectral function is then broadened and fur-
ther characterized. This procedure allows us to reliably parti-
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Figure 2. (Color online) (a) δ-peak, continuum, and total spectral
weight in the positive-frequency sub-gap part (0 < ω < ∆) of the
impurity spectral function A(ω, T ). (b) Position of the δ-peak, ωδ ,
and of the maximum of the continuous part, ωpeak, as well as the
mean value of the continuous part, ω¯c.
tion the spectral function into discrete and continuous compo-
nents:
A(ω) = Aδ(ω) +Ac(ω). (10)
The corresponding spectral weights are defined as
wi =
∫ ∆
0
Ai(ω)dω (11)
with i = δ, c. It should be noted in passing that at finite tem-
peratureswδ(T ) receives contributions not only from the tran-
sition A, but also from a discrete subset of transitions between
the states forming the continua Ce and Co with energy differ-
ence exactly equal to  (i.e., the transitions De → Do in the
presence of quasiparticles, but without the quasiparticles in-
teracting with the impurity). The temperature dependence of
both wδ and wc is an interaction effect: for a non-interacting
Hamiltonian, such as that corresponding to a classical im-
purity with no internal dynamics, the spectral function itself
would not depend in any way on the temperature (although the
occupancies of the single-particle levels would change with
T ).
The most important spectral characteristics are revealed in
the temperature-dependence plots shown in Fig. 2, while an
example of a typical finite-T spectral function is shown in
Fig. 3.
The continuum weight wc exhibits activated behavior for
low T , with the activation energy ∆:
wc(T ) = 0.168 e
−∆/T . (12)
This confirms the expectation that the continuum background
is associated with the inelastic transitions that require a finite
thermal population of the quasiparticle states above the gap
which scatter on the impurity (diffuse transitions as shown
schematically in Fig. 1, arrow B).
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Figure 3. (Color online) Impurity spectral function A(ω, T ) at finite
temperature T = ∆/4. The hump at ω = 10∆ = U/2 is the
Hubbard peak. The inset shows a close-up on the sub-gap region.
The position of the δ-peak, , is indicated using the dashed line and
essentially coincides with the peak of the continuum part.
For T & 0.2∆, wδ is a strictly decreasing function of tem-
perature, while wc is increasing, and their sum wδ + wc is
approximately constant: the weight is gradually transferred
from the coherent discrete Shiba state to diffuse states involv-
ing itinerant quasiparticle states, i.e., this represents a thermal
decomposition of the Shiba state. We note that wδ = wc on
the scale T ≈ ∆/2. This is also the range where the total
weight wδ + wc reaches a maximum value. The continuum
weight wc is increasing up to T ≈ ∆ where it reaches a value
close to wδ(T = 0). In simple terms, with increasing temper-
ature almost all spectral weight is transferred from the δ-peak
to the continuum by T ≈ ∆. For T > ∆, wc itself becomes
a decreasing function, albeit only weakly: the decay of wδ at
large T is much faster than that of wc, and wδ becomes essen-
tially zero by T ≈ 2∆.
In Fig. 2(b) we consider the peak positions. The δ-peak
does not move with temperature. This is expected, since its
position ωδ =  is given by the energy difference of the two
discrete eigenstates of the Hamiltonian, thus it is a property
of the operator itself and has nothing to do with thermal ef-
fects. The continuum part of the sub-gap spectrum is a peaked
function, see Fig. 3. The position of this peak, ωpeak, almost
coincides with the δ-peak position:
ωpeak ≈ ωδ = . (13)
ωpeak is very weakly temperature dependent, see Fig. 2(b).
We also plot the mean of the continuum part, ω¯c, defined as the
normalized first moment of Ac(ω). The mean is larger than 
and further increases with T , indicating that the continuum
part of the spectrum is skewed toward larger frequencies, as
can also be seen in Fig. 3. At low temperatures, the skewness
exceeds 6. The long tail is due to the asymmetry of the tran-
sitions: the most populated thermally excited starting states
are those near the bottom of the even-parity continuum and
most likely end states those at the bottom of the odd-parity
5continuum starting at  higher in energies. At higher tem-
peratures, T ∼ ∆, the distribution becomes more symmetric
around ω =  with a clear dominant peak, corresponding to
the “thermally broadened” Shiba resonance.
The width of the continuum part can be further charac-
terized through the standard deviation (not shown). It is a
strictly increasing function of T . At intermediate tempera-
tures T ≈ ∆/2 it reaches a value of order 0.1∆, thus the
background is relatively broad. Another relevant quantity is
the half-width at half-maximum (HWHM) of the main peak
in the continuum part. This quantity is very difficult to extract
reliably since it requires a delicate broadening procedure and
it strongly depends on the NRG calculation parameters. We
find that the HWHM is only weakly increasing in the temper-
ature range T < ∆: it starts at values close to 0.01∆ in the
low-temperature limit and increases to ∼ 0.015∆ at T = ∆.
The main thermal effect is thus the weight transfer from the
discrete to the continuous part, but there appears to be little
broadening in the sense of decreasing lifetime of the contin-
uum resonance feature at ω = .
B. Γ-dependence
We now study how the results from the previous subsection
depend on the value of the hybridization Γ, in particular ac-
cross the singlet-doublet quantum phase transition where |S〉
and |D〉 interchange their roles as the ground and the excited
state, respectively.
For low enough Γ, so that the impurity is in the Kondo
regime, the Shiba state energy  follows the universal depen-
dence (TK/∆), where TK = TK(Γ). For Γ → 0, the peak
is close to the gap edge, then it moves toward the chemical
potential for increasing Γ, see Fig. 4. For chosen U/∆ = 20,
the singlet-doublet (S-D) transition occurs at
Γc = 0.155U. (14)
We first consider how the temperature dependencies of the
key spectral characteristics change for different values of Γ.
The δ-peak position ωδ =  does not vary with temperature.
The continuum mean, ωc, shown in Fig. 5, starts from ωc(T =
0) ≈  for Γ < Γc, while for Γ & Γc it starts from values
close to the gap edge (this peculiar low-temperature behavior
will be explained in subsection III C). In the temperature range
T . ∆, ωc is a decreasing function of T for all cases where
 is close to the gap edge (i.e., in deep doublet and in deep
singlet phases), while it is non-monotonic or increasing for
  ∆ (i.e., in the transition range with Shiba states deep in
the gap), see Fig. 5.
The continuous-background weightwc is strictly increasing
as a function of Γ at any fixed T up to
Γ∗ ≈ 0.225U, (15)
see Fig. 6. For Γ . Γ∗, the system is in the regime of well de-
fined local-moment (the Hartree-Fock solution spin polarizes
for Γ < U/pi ≈ 0.3U ) with properties controlled by the ratio
∆/TK , while for Γ & Γ∗ the charge fluctuations are important
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Figure 4. (Color online) Shiba state energy  as a function of the
hybridization strength Γ, for fixed U/∆ = 20. The inset shows the
T = 0 spectral weight of the sub-gap δ-peak.
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Figure 5. (Color online) Temperature dependence of the mean-value
of the continuum part of the sub-gap spectrum, ωc(T ), for a range of
hybridization strengths Γ.
and the impurity properties become non-universal. At low T ,
the same exponential law wc = be−∆/T is found for all val-
ues of Γ . Γ∗, both in the singlet and in the doublet regimes,
with b(Γ) dependence which can be read off from Fig. 6(b).
For Γ & Γ∗, however, we find some deviations from pure ex-
ponential dependence. The maximum in wc(T ) is always on
the scale T ∼ ∆.
The δ-peak weight is monotonically decreasing as a func-
tion of T for small Γ and has a local maximum for interme-
diate Γ < Γc, see Fig. 7. The temperature of the maximum
shifts to lower temperatures as Γ increases toward Γc and for
Γ > Γc the weight again becomes a monotonically decreas-
ing function of T . This pronounced difference in the low-T
regime for Γ ≈ Γc can serve as a tool to distinguish between
the doublet and singlet regimes at finite temperatures. Indeed,
in the zero-temperature limit and in the absence of magnetic
field (as assumed throughout this work) the sub-gap weight
changes discontinuously by a factor of 2 across the S-D tran-
sition, see the inset to Fig. 4. At finite T , this discontinuity
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Figure 6. (Color online) (a) Temperature dependence of the contin-
uum part weight,wc(T ), for a range of hybridization strengths Γ. (b)
Γ-dependence for a range of fixed temperatures.
is washed out, see the inset to Fig. 7. The up/down-turn of
wδ(T ) occurs at T ≈ ||, and this scale moves toward 0 as
Γ→ Γc, as shown in the main panel of Fig. 4.
For Γ > Γ∗ the charge fluctuations lead to a decreasing sub-
gap spectral weight. The decreasing trend is also related to the
fact that the δ-peak moves close to the gap edge in the limit
Γ  Γ∗. This is a known effect: Shiba states merge with the
continuum in a continuous way by transfering spectral weight
from the δ-peak to the quasiparticle part, so that the weight of
the δ-peak goes to zero as its position approaches ω = ∆.
C. High-order Shiba states for large Γ
Several anomalies are observed for large values of Γ. Their
common origin is an additional sub-gap spectral peak just be-
low the gap edge, see Fig. 8. The weight of this peak shows
activated behavior at low temperatures:
w2(T ) = 0.018e
−/T , (16)
where  = 0.637∆ for the chosen value Γ/U = 0.3. This
peak dominates the continuum background for small T , be-
cause its activation energy  is lower than that (∆) of the
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Figure 7. (Color online) Temperature dependence of the δ-peak
weight, wδ(T ), for a range of hybridization strengths Γ.
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Figure 8. (Color online) Sub-gap spectrum for strong hybridization
Γ = 0.3U . The inset shows the temperature dependence of the
weight and position of the secondary “high-order Shiba” peak which
appears just below the gap edge.
continuous background centered around the Shiba peak. The
dominance of the extra peak in the T → 0 limit explains the
strikingly peculiar low-T behavior of ωc(T ) in Fig. 5. Exten-
sive testing has been performed to assess if this feature could
merely be a numerical artifact of the NRG method. Varying
Λ, Wilson chain length, the discretization scheme, the algo-
rithm for computing the spectral function (naive Lehmann-
decomposition approach, complete-Fock-space, full-density-
matrix), and the number of states kept in the truncation, it was
found that this feature persists. It is thus either a generic arti-
fact of the method for finite T and ∆ that cannot be eliminated
by any parameter choice, or a real spectral feature of the An-
derson impurity model with superconducting baths. Presently,
there is no other theoretical method to reliably confirm the
presence of this peak. However, the spectral weight appears
sufficiently large that it could be detected experimentally, de-
spite its vicinity to the gap edge.
It should be emphasized that there are no discrete sub-
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Figure 9. (Color online) Weight and position of the “high-order
Shiba peak” below the gap edge.
gap multi-particle states with the energy corresponding to this
peak. Instead, its origin is associated with quasiparticle scat-
tering on the thermally excited doublet Shiba state |D〉 (for
large Γ, the ground state is namely |S〉), generating new bound
states of Bogoliubov quasiparticles. In fact, it can be ar-
gued that the physical mechanism is essentially the same as
for the conventional Shiba states: by thermal occupation of
the doublet excited states at finite temperatures the impurity
partially “remagnetizes”, and its magnetic moment couples
to the superconducting bath via an effective exchange cou-
pling constant proportional to JKwD, where JK ∝ Γ/U and
wD = e
−/T /Z(T ) is the average population in the doublet
state. This generates a bound state located just below the gap
edge because the effective coupling is weak. This picture is
certainly oversimplified and fails to explain, for example, the
relatively constant position of the peak as a function of tem-
perature. Nevertheless, it is interesting that such “high-order
Shiba states” can be generated at finite temperatures.
Fig. 9 shows the Γ-dependence of the weight and position
of the additional peak. The threshold for the existence of the
peak is related to Γ∗, thus the peak is intimately related to
entering the charge-fluctuation regime. Close to the threshold,
its T = 0 position is at the gap-edge, while for larger Γ it starts
at a finite binding energy below the edge.
IV. RESULTS: BCS ∆(T )
We now consider a realistic case where the gap ∆ is tem-
perature dependent and tends to zero as the critical tempera-
ture Tc is approached. We use a simplified phenomenological
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Figure 10. (Color online) Temperature dependence of the quan-
tities characterizing the sub-gap spectral function in the case of
∆ = ∆BCS(T ). The temperature driven doublet-singlet phase tran-
sition is indicated by the arrow. Model parameters are Γ/U = 0.1
and U/∆ = 20.
expression
∆BCS(T ) ≈ δscTc tanh
[
pi
δsc
√
a
δC
CN
(
Tc
T
− 1
)]
(17)
with δsc = 1.76, a = 2/3, δC/CN = 1.43, which is a good
approximation for the true BCS temperature dependence with
correct T → 0 and T → Tc asymptotics.
We consider the case where the system is in the doublet
regime at T = 0. The temperature dependence of key quan-
tities is shown in Fig. 10. The reduction of ∆ with increasing
T drives the system toward the singlet regime. The doublet-
singlet transition occurs, however, just before the critical point
(indicated by the arrow in the figure). Although occurring at
a finite temperature, such first-order boundary transition cor-
responds to a change of the ground state of the impurity+bath
system by the variation of an “external” parameter, thus it may
still be considered as a quantum phase transition of the impu-
rity subsystem (formed by the impurity itself and the subset of
host states which hybridize with the impurity), even though it
is actually driven by thermal fluctuations in the superconduct-
ing host which drive down the gap function ∆(T ).
V. DISCUSSION
Based on general considerations of an interacting impurity
system, and confirmed by numerical calculations, Shiba states
at finite temperature lose spectral weight to a continuous sub-
gap background centered at the same position. This imme-
diately leads to a question of principle about the proper def-
inition of the intrinsic lifetime of a Shiba state. A discrete
8excited many-particle state isolated from the continuum could
be expected to not decay at all. This is clearly the case in
the absence of quasiparticles. In an open system at finite tem-
perature, i.e., in contact with a heat and particle reservoar, a
quasiparticle in the superconductor can be generated through
a thermal fluctuation and can interact with the impurity spin,
giving rise to a continuum background. The excited Shiba
state can release its excitation energy to the quasiparticle and
decay to the Shiba ground state, resulting in a finite lifetime.
The model system studied here is admittedly simplistic. In
relastic systems, in particular when there are tunneling path-
ways to a normal metal (such as a normal-state tip of a scan-
ning tunneling microscope), the δ-peak will strictly speaking
no longer exist. Similarly, (direct or indirect) coupling to the
acoustic phonons of the host will broaden the δ-peak. If such
couplings are small, however, it may still be expected that the
impurity spectral function will be multimodal with non-trivial
temperature dependence.
Let us now consider the example of Mn adatoms on Pb(111)
studied in Ref. 11. Pb has Tc = 7.2 K or ∆0 ≈ 1.1 meV.
The experimental temperatures were 1.2 K and 4.8 K. Tak-
ing into account the reduction of ∆ in the BCS theory, these
correspond to kBT/∆ of 0.12 and 0.41, respectively. The
lower temperature is thus in the low-T limit, while at the sec-
ond one the finite-temperature effects are expected to be siz-
able. In experiments, at the lower temperature the measured
linewidth was resolution limited and had to be estimated indi-
rectly through current saturation plateaus. At the higher tem-
perature, the width could be extracted from the peak width
in the weak-coupling regime, giving Γ ≈ 0.2 meV. Thus
Γ/∆0 ≈ 0.2. Even without discussing how to properly quan-
tify the intrinsic lifetime in NRG calculations (lower bound is
the HWHM of the continuum peak, ∼ 0.01∆, upper bound is
the standard deviation of the continuum, ∼ 0.1∆), it is pos-
sible to conclude that the order of magnitude is roughly cor-
rect. It should be noted that there are further relaxation mech-
anisms (such as fermion-parity-conservig transitions assisted
by phonons and photons) not included in our model, which
are likely to be comparable to the “intrinsic” broadening due
to electron-electron interactions, but the intrinsic mechanism
is certainly not negligible.
This work opens up a number of interesting issues for fur-
ther study. One could study how the intrinsic temperature
dependence of the spectral function is reflected in the trans-
port properties. This is relevant for scanning tunneling spec-
troscopy studies of single impurities and adaton chains, such
as those expected to host Majorana end modes. Another ques-
tion is how the results are modified if the BCS mean-field
Hamiltonian is replaced by a proper interacting model with
electron-electron attraction terms. Finally, we need better the-
oretical understanding of the “high-order Shiba states” and
their relation to the charge fluctuations.
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